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Abstract

Foams are familiar materials that are used widely in industrial applica-

tions such as foods and cosmetics. In some of these applications, foams

are stabilized by surfactants and polymers. In previous researches,

foams stabilized by both surfactants and polymers were analyzed by

using the concepts that have been developed for the foams stabilized

only by surfactants. We focus on the role of polymers in the foam.

Considering the fact that the role of polymers depends on the poly-

mer concentrations, we have constructed models to predict the sta-

bility of liquid films for two polymer concentration regimes. In the

high concentration regime, we derive the time evolution of the sur-

face fluctuation by treating the film as a gel. In the dilute regime,

we predict the disjoining pressure by taking into account the poly-

mer conformation. Our theories agree with the previous experiments

qualitatively.
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Chapter 1

Introduction

Liquid foams are applied in the food and cosmetic industries owing to their various func-

tions, including detergent, thermal insulation and sensory optimization.1,2 In the appli-

cations mentioned above, the stability of foams is of practical importance and thus has

been widely investigated.3,4 Although the stabilization mechanism of foams stabilized by

surfactants has been well revealed so far,3,5 the foams that are applied in industry (sham-

poo bubbles, the foams of beers and cappuccino foams) are outside the applicability of

previous researches since foams applied in industry contain polymers. Polymers have large

conformational degree of freedom. Therefore, the size of the polymers must be important

in thin foam films since the polymers are longer than small molecules. We have to take

into account the role of polymers to understand the stabilization mechanism of the foams

stabilized by polymers and surfactants. In this thesis, we present two theories which pre-

dict the stability of foams containing surfactants and polymers by introducing the role of

polymers to conventional theories.

1.1 Background

Our theories in this thesis are based on polymer physics, and the conventional theories3,5–7

for the stability of foams containing pure surfactants. We present the basis of the foam

stability and the role of polymers which is treated in this thesis.

4
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1.1.1 Liquid film stabilized by surfactants

Single liquid films have been frequently discussed instead of foams, Figure 1.1.3 These sin-

gle films can be considered to be the building blocks of the macroscopic foams. In general,

liquid films are naturally unstable; however, they can be stabilized by adding surfactants.

These molecules comprise of a polar group and an apolar tail. They stabilize the liquid

film by localizing at the air-water interface. We present the widely used measurement,

which characterizes the stability of the liquid film, and two conventional theories, which

describe the liquid film stabilized by surfactants.

Figure 1.1: Microscopic foam is a assembly of single liquid films.

Surface elasticity

Surface elasticity is originated from the surface density fluctuation of surfactants. The

surfactants are messed up by thermal energy, and then generate the restoring force to

keep the surface density uniform. Similarly, the fluctuation of the air/liquid interface is

created through a spontaneous process caused by thermal motion. Foam films rupture

when surface fluctuations increase such that the two interfaces collide. Surface elasticity

suppresses the surface fluctuation.7

Thin-film pressure balance

The stability of the thin liquid film has been evaluated by thin-film pressure balance. This

method was established by Mysels and Exerowa.9,10 With this method, the repulsive force

between two air/liquid interfaces, called disjoining pressure, can be measured. Figure 1.2
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Figure 1.2: The apparatus for measuring the repulsive force between two air/liquid inter-
faces.8 The liquid film is formed from a droplet in a hole (diameter of ca.1mm) that is
drilled into a porous glass disk with a pore size of ca.10µm. The film holder is placed in
the sealed box. The pressure inside the box is changed by using a pump.

shows the equipment for measuring the disjoining pressure ∆P in the film as a function

of the film thickness. The thickness is determined interferometrically.11

DLVO theory

DLVO (Derjaguin-Landau-Verwey-Overbeek) theory predicts the equilibrium distance be-

tween two charged walls filled with liquid.6 The distance is determined by the balance of

electric repulsions and van der Waals (VDW) attractions. Originally, the target of this

theory is the dispersion of colloids in solutions. The colloids disperse in the solution when

the electrostatic repulsion is larger than the VDW attraction. In contrast, the colloids

aggregate when the electric repulsion is smaller than the VDW attraction. By neglecting

the size of surfactants localized at the air-water interface, the interface can be treated as

the charged wall. The dispersion of colloids corresponds to the stability of liquid films.

Considering the air/liquid interface decorated by surfactants as a charged wall, we in-

troduce the disjoining pressure in the liquid film decorated by negative charged surfactants

only.12 The disjoining pressure is the difference between the electrostatic repulsion and
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van der Waals attraction. We explain this two forces.

z�

L/2�

0�

-L/2�

Figure 1.3: Schematic picture of the distribution of the counterions. The surfactants and
the counterions are charged negative and positive, respectively.

The polar group of surfactants is ionized when the surfactants are in water. Owing to

the charge neutrality, the counterions of the surfactants are oppositely charged. Figure

1.3 shows that the counterions in water, and surfactants localized at air/water interfaces

have positive and negative charge, respectively. The electrostatic repulsion is determined

by the translation entropy of the counterions. We calculate the electrostatic potential φ

and the counterions density ρ+ to obtain the electrostatic repulsion by solving the Poisson

equation for the system in Figure 1.3 as follows:

d2φ

dz2
= −

e

ϵ
[ρ+(z)], (1.1.1)

where e and ϵ is elementary charge and dielectric constant, respectively. The number of

the counterions is constant since the counterions are liberated from the surfactants. The
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conservation of the counterions has the form

∫ L/2

−L/2
ρ+(z)dz = 2σ. (1.1.2)

where σ and L are the surface charge determined by the surfactant density and the distance

between two walls, respectively. The boundary conditions are considered as follows:

φ(0) = 0,
dφ

dz

∣∣∣∣∣∣∣
z=0

= 0. (1.1.3)

These conditions are because of the symmetry. We use the Boltzmann distribution for

the counterion density, ρ+ = n0e−eφ/kBT where n0 is the counterions density at the mid-

dle plane and kBT is the thermal energy. kB and T are the Boltzmann constant and

temprature, respectively. The Poisson equation are rewritten as follows:

d2φ̃

dz2
= −4πlBn0e

−φ̃, (1.1.4)

where φ̃ is the rescaled electrostatic potential, φ̃ = eφ/kBT , and lB is the Bjerrum length

as

lB =
e2

4πϵ

1

kBT
=

e2β

4πϵ
. (1.1.5)

We use the inverse constant β = 1/kBT , for simplicity. Equation (1.1.4) is called Poisson-

Boltzmann equation. By solving this equation, we obtain the counterions density. We can

calculate the electrostatic repulsion from the counterions density. Details are in Appendix

A. Here, we show the electrostatic repulsion as follows:

Π0 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

2σ

L
kBT, when πlBσL ≪ 1

( π

βe

)2 2ϵ

L2
+

4σ

L
kBT. when πlBσL ≫ 1

(1.1.6)
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We obtain the electrostatic repulsion for two cases in which the distance between two walls

is short and long. The repulsive force is sensitive to the distance between two walls and

surface charge density.

The van der Waals attraction has a form

ΠVDW = −
AH

6πL3
(1.1.7)

where AH is Hamaker constant. Hamaker constant has a relevance to the dielectric con-

stant of media because VDW interaction is originated from quantum-statical fluctua-

tions.12 When the media are air and water, AH ∼ 10−20J.6

All the above, the disjoining pressure has a form

Πdisjoin = Π0 −
AH

6πL3
. (1.1.8)

The competition between the electrostatic repulsion and van der Waals attraction de-

termines the stability of liquid films. When L is small, the electrostatic repulsion is

proportional to 1/L. Since the VDW attraction is proportional to 1/L3, the liquid film

becomes eventually unstable as the film is thinner.

1.1.2 Experiments of the liquid film containing polymers

The studies about the foam containing polymers has been reported for over fifty years13

and attracting the attention so far. We introduce the recently researches.

When the liquid film is formed from the polymer-dilute solution, the disjoining pressure

measurement has shown that the sign of the charged polymer and the surfactant have

a relevance to the film stability.14 Adding the likely charged polyelectrolytes has no

significant effect on the stability. In the system of oppositely charged polyelectrolytes and

surfactants, the disjoining pressure has the minimum value against the polyelectrolyte

concentration, and then the liquid film ruptures. Previous researchers have explained this

interesting behavior through the DLVO theory. However, the DLVO theory does not take
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into account the conformation of polymers.

When the liquid film is formed from the polymer-rich solution, the disjoining pressure

becomes an oscillatory function against the film thickness.15 The oscillation indicates

structure in the film and has been explained phenomenologically. The surface rheology16

measurement and the ellipsometry17 have shown that the polymers and the surfactants

form gel-like complexes on the air/liquid interface. Furthermore, the direct observation

has shown that surface gels retard the deformation of the liquid film.18 Thus, some

experiments prove that the liquid film has the gel-like complex. However, the theory for

the time evolution of the film stability is not established.

In this thesis, we will take into account the role of the polymer written in the following

section.

1.1.3 Role of polymers

Polymers are series of hundreds or thousands monomers. In general, polymers are treated

as a simply long chain because it is difficult to take into account the effect of all monomer

in one polymer.19 The simple long chain model has been successful to explan for the

physical property of polymers. In the following sections, we present the two elasticity

originated by polymers. One is an entropic elasticity originated by one polymer. The

other is an elasticity and friction originated by the network of many polymers.

Entropic elasticity of polymer chain

A polymer is treated as a molecule composed by a series of freely jointed segments. The

distribution of the end-to-end distance is given by the Gaussian distribution since the

distance is expressed as the sum of independent variables. Therefore, the polymer is

described by the Gaussian chain in the thermostatic system.19 The freely segments rotate

driven by the thermal energy.

The polymer tries to shrink when we change the end-to-end distance longer from the

equilibrium distance. This is because the number of the polymer conformation decreases.

In other wards, the shrink of the polymer results from the entropy reduction. This elas-
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ticity is called the entropic elasticity. The elastic force fp has the form

fp =
3kBT

Nb2
R, (1.1.9)

where kB is Boltzmann constant. The entropy elasticity is proportional to the temperature

T .

��
���

�	�

���

	�

Figure 1.4: Schematic picture of the Gaussian chain composed by N segments. The vector
of i-th segments and the end-to-end vector are represented by ri and R, respectively. The
length of segments and end-to-end distance is |ri| = b and |R| = R, respectively.

Formation of polymer networks

Previous research has reported that polymers bond each other chemically or physically,

and then form the network. If the network is composed by soluble polymers, the network

contains liquid. This structure is called a gel or a sol. Gels are harder than sols. We

introduce two interesting property of the gel though gels and sols exhibit many complex

phenomena. They are the elasticity and the friction.

The elasticity of the gel is composed by the shear modulus and the osmotic modulus.

The shear modulus results from the bond of the network. The network tries to shrink when

the gel is deformed since the subchains of the network have the entropic elasticity. The

osmotic modulus results from the mixing entropy between the polymer and the solvent.

When the gel is deformed, the volume fraction of the solvent in the gel change from that
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of the equilibrium state. This deviation of the volume fraction drive the elastic force to

restore the equilibrium volume fraction.

The solvent flow is retarded by the polymer network in the gel. The retardation by

the friction between the obstacle and the solvent is well known such as Poiseuille flow.20

The gel has many microscopic obstacle because of the network. Therefore, the solvent

flow in the gel can be treated as the solvent flow in porous materials. The retarded flow

in the porous materials is describer by Darcy’s law.21 This law indicate that the flow rate

is determined by the friction between the obstacle and the solvent, and insensitive the

distance from the interface of the material.

1.2 Outline of this thesis

The scope of our study is making theoretical model to predict the stability of liquid films

containing surfactants and polymers. We suggest two theories for the stability of liquid

films containing surfactants and polymers as the following procedure. The scope of three

theories is the different each other for polymer concentration.

In chapter 2, we mention about the stability and durability of the liquid film in high

polymer concentration regime. We take into account a gel for the analysis and discuss the

liquid film instability induced by the surface fluctuations of the film.

In chapter 3, we mention about the stability of the liquid film in low polymer concen-

tration regime. We focus on the polymer conformation in the liquid film and discuss the

disjoining pressure by using four models classified with respect to the polymer concentra-

tion.

In chapter 4, we discuss all of the prediction in the above chapters.



Chapter 2

High polymer concentration

regime

In a large polymer concentration, polymers overlap each other. Because the fluctuation

of the segment density is small, the fraction of the polymer can be treated by a simple

mean field theory. We treat the liquid films containing plenty of polymers as the system in

which the distribution of the polymers is homogeneous such as a gel macroscopically. By

modeling the foam film stabilized by the polymers as the gel film, we construct a theoretical

model to predict the stability and durability of the foam. We analyze the time evolution

of the surface fluctuations of the gel film because the film ruptures when the magnitude

of the fluctuations grows with time. The van der Waals interactions, the surface tension,

and the elasticity and friction of the gel are taken into account. Our theory predicts that

the gel elasticity enhances the stability of the foam film and that the friction between the

solvent and the polymer network results in the retardation of the thinning of the film. In

conclusion, the gel composed with the concentrated polymer solution plays an important

role in the stability and durability of foams.

13
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2.1 Conventional research

The stability of the liquid film decorated by surfactants has been well investigated by

taking into account the surface elasticity. The surfactants suppress the fluctuation since

they generate the restoring force to keep the surface density uniform. Consequently, they

yield a large surface elasticity. The mechanism of stabilization due to the surface elasticity

is known as the Gibbs-Marangoni effect.3,5, 7 To address the dynamics of the fluctuations,

one must take into account the fact that the solvent flows are driven by the surface

fluctuations. The liquid flow in liquid films decorated by surfactants has been simplified

as a Poiseuille flow20 or as a uniform liquid flow parallel to the surfaces of the film.22

A film with effectively rigid surfaces induced by the surfactants exhibits relatively slow

flow, limited by the shear viscosity. The above model is successful when the liquid film is

decorated by low molecular weight surfactants and when the concentration of surfactant

is low.20,22

In the above conventional theories, the viscosity of the solvent represents the effect of

polymers on the film stability. Such description is based on the assumption that nothing

to disturb the solvent flow is in the liquid film. However, adding polymers to foam films

decorated by the surfactants can change the behavior of the foam film dramatically. Direct

observation has shown that surfactants and polymers stabilize the film through a gel-like

structure.18,23 Experiments using ellipsometry have shown that adding surfactants and

polymers leads to the formation of complexes on the surface.17,24 For the stability of films

containing gel-like structures, conventional theories based on the surface elasticity and the

viscosity seem insufficient. For example, even though the complexes exist on the inside of

the liquid films, the bulk contribution has not been taken into account.

2.2 Scope of this theory

The bulk structures due to the complexes yield a bulk elasticity and may suppress the

fluctuation of liquid films to maintain the film thickness. They also act as a porous material

and change the Poiseuille flow into the retarded flow which is insensitive to the distance
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from the air/liquid interface via the friction between the solvent and the complex.21 Such

a retarded solvent flow may retard the kinetics of the fluctuation in the foam film.

In this thesis, the stability and the durability of liquid films with gel-like structures

are examined. We treat a liquid film containing plenty of polymers as a gel film and

consider the bulk elasticity and the friction of the gel. By analyzing the time evolution of

surface fluctuations, we predict that the bulk elasticity stabilizes the foam film and that

the friction increases the durability of the foam film.

2.3 Model

We consider a single foam film in Figure 2.1.12,22 Assuming that the thickness of the film

is sufficiently smaller than the lateral dimension, we consider infinite film area.The foam

film is decorated by low molecular weight surfactants and soluble polymers. We assume

that these molecules are assembled into a gel-like structure17,18,23,24 that fills the entire

region of the foam film. The foam film ruptures when the surface fluctuations increase

until the two surfaces collide. The fluctuations are generated by a spontaneous process

caused by thermal motion. In early stages, the magnitude of the fluctuations is small

compared to the film thickness. According to the symmetry with respect to the middle

plane of the film, we treat a half of the system. We use the Onsager principle, which states

Figure 2.1: Schematic picture of the gel film. We use the Monge representation, z =
h(x, y), which is defined by the distance between the middle plane and the surface.12
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that the dynamics are determined by minimizing the Rayleighian, R, to derive the time

evolution equation of the film fluctuation.19 R is composed of the time derivative of free

energy F and the energy dissipation function Φ, and has the form

R =
∂F

∂t
+ Φ. (2.3.1)

2.3.1 The free energy of the gel film

The free energy of the gel film has an approximate form

F [h(x, y)] =

∫∫ [
k(h− h0)

2 −
AH

12πh2
+ γ

√
1 + h2x + h2y

]
dxdy

≃
∫∫ [

k(h− h0)
2 −

AH

12πh2
+

γ

2
(2 + h2x + h2y)

]
dxdy

(2.3.2)

hx =
∂h(x, y)

∂x
, hy =

∂h(x, y)

∂y
. (2.3.3)

In Table 2.1, the parameters used in our theory are summarized. The first term represents

the elastic energy of the gel, where the osmotic modulus is k̃ = kh0 for cases in which

the deformation is uniform in the z-coordinate. The equilibrium thickness, h(x, y) = h0,

is defined as the thickness when the structure of the complex is formed. In Equation

(2.3.2), we assume that the osmotic modulus per unit area, k̃, is symmetric with respect

to h > h0 and h < h0. This treatment is effective when the gel is connected in the entire

film. We also use this assumption to estimate the film stability when the gel comprises of

two separate surface gels at both surfaces. Note that the osmotic modulus, k, is zero when

h > h0 in a further precise treatment. We will discuss it in details in section 2.6. The

second term represents the free energy due to the van der Waals interactions between the

air phases via the liquid film with the Hamaker constant, AH. The third term represents

the surface free energy with the surface tension, γ.12
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Table 2.1: Parameters

h0 Equilibrium thickness
q Wavenumber
γ Surface tension
k̃ Osmotic modulus
AH Hamaker constant
ξ Friction coefficient
φ Volume fraction

2.3.2 The time derivative of the free energy

The time derivative of the free energy has the form

∂F

∂t
≃

∫∫
dxdy

[
ḣ
{
2k(h− h0) +

AH

6πh3

}
+ γ

{
ḣxhx + ḣyhy

}]
, (2.3.4)

where ḣ = ∂h/∂t. We focus on the x-component of last term and integrate partially,

∫
ḣxhxdx =

∫ ∂

∂x

(
ḣhx

)
dx−

∫
ḣhxxdx

=
[
ḣhx

]∞
−∞

−
∫

ḣhxxdx

= −
∫

ḣhxxdx

(2.3.5)

hxx =
∂2h(x, y)

∂x2
(2.3.6)

We here for simplicity assume that the surface fluctuations are zero at the edge:

ḣ(∞) = ḣ(−∞) = 0. (2.3.7)

The same treatment is applied for the y-component. The time derivative has a form

∂F

∂t
≃

∫∫
dxdy

[
ḣ
{
2k(h− h0) +

AH

6πh3
− γ(hxx + hyy)

}]
(2.3.8)
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2.3.3 The energy dissipation function in the gel film

The energy dissipation function, Φ, due to the friction between the complex and solvent

has the form

Φ(vp,vs) =
1

2

∫∫∫
ξ(vp − vs)

2dr, (2.3.9)

where vp = (vpx, vpy, vpz) and vs = (vsx, vsy, vsz) are the velocity fields of the gel network

and the solvent, respectively, and dr = (dx, dy, dz) is the volume integral over the entire

film. We assume that the velocities of the gel network is much slower than that of the

solvent, vsx ≫ vpx, vsy ≫ vpy. It is further assumed that the velocity of the gel and solvent

perpendicular to the surface equal, vsz = vpz, because the complexes are in the solvent and

the typical thickness of the film, h0, is much smaller than the lateral dimension of the film.

With these treatments, the energy dissipation function is rewritten in an approximate form

Φ(vp,vs) ≃
1

2

∫∫∫
ξ(v2sx + v2sy)dr

=
h

2

∫∫
ξv2

s||dxdy

(2.3.10)

where vs|| = (vsx, vsy, 0) is the velocity of solvent in the direction parallel to the surface.

2.3.4 Mass conservation

We have to minimize the Rayleighian with respect to ḣ and vs|| with the condition of mass

conservation to link the lateral solvent flow with the perpendicular film fluctuation. The

condition of mass conservation has the form

∇ · [φvp + (1− φ)vs] = 0. (2.3.11)
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Being classified into x, y-components and z-component, this equation is rewritten as follow:

∇|| · [φvp|| + (1− φ)vs||] +
∂

∂z
[φvpz + (1− φ)vsz] = 0

→
∂

∂z
[φvpz + (1− φ)vsz] = −(1− φ)∇|| · vs||

(2.3.12)

We approximately treat the volume fraction of the gel, φ, as a constant since the fluctuation

is small. Now, we apply the lubrication approximation to the equation (2.3.11). This

approximation is generally accepted in a system in which the thickness is much smaller

than the lateral dimension.12,25 Integrating the equation (2.3.11) with respect to z from

0 to h provides the form

[φvpz + (1− φ)vsz]
h
0 ≃ ∇|| ·

∫ h

0
−(1− φ)vs||dz, (2.3.13)

where the differentiation symbol of the right side goes out of integration because the

lateral differential of the velocity of the solvent is independent of vertical direction in the

film.12,25 According to the symmetry of the film, the velocity is zero at the mid-plane,

vpz = vsz = 0. Since the surface of the gel film, z = h, has the complex or the solvent, the

left side of this equation becomes ḣ. Thus, the incompressibility is described as

ḣ = −h(1− φ)∇|| · vs||. (2.3.14)

2.3.5 The Rayleighian of the gel film

According to the Equations (2.3.1), (2.3.8) and (2.3.10), the Rayleighian thus has the form

R[ḣ,vs||] =

∫∫
dxdy

[
ḣ
{
2k(h− h0) +

AH

6πh3
− γ(hxx + hyy)

}

+
h

2
ξv2

s|| − p
{
ḣ+ h(1− φ)∇|| · vs||

}]
(2.3.15)

where p denotes pressure and acts as the Lagrange multiplier to ensure the condition of

mass conservation, equation (2.3.14).
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2.4 Stability analysis of gel films

2.4.1 Time evolution equation for the film thickness

By taking the functional derivative with respect to ḣ, we derive the form

p = 2k(h− h0) +
AH

6πh3
− γ(hxx + hyy). (2.4.1)

This equation represents the force balance in the foam film. Similarly, by taking the

functional derivative with respect to vs||, the velocity of the solvent, vs||, is derived in the

form

ξvs|| = −(1− φ)∇||p. (2.4.2)

This equation is called Darcy’s law, which represents the velocity of solvents in a porous

material.21 For simplicity, we use the boundary conditions that the velocity of the solvent

is zero on the edge, vs|||x=∞ = vs|||x=−∞ = vs|||y=∞ = vs|||y=−∞ = 0, to derive equation

(2.4.2).

Using the equations (2.3.14), (2.4.1) and (2.4.2), we derive the time evolution equation

of the film thickness:

ḣ = h
(1− φ)2

ξ
∇2

||

[
2k(h− h0) +

AH

6πh3
− γ(hxx + hyy)

]
. (2.4.3)

2.4.2 Linear approximation

We analyze the time evolution of a small fluctuation, δh defined by

h(ρ, t) = h0 + δh(ρ, t), (2.4.4)
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where ρ = (x, y). With this approximation, the each term of the Equation (2.4.3) has

approximate forms ⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

2k(h− h0) = 2kδh

AH

6πh3
≃

AH

6πh30

(
1− 3

δh

h0

)

hxx = δhxx

hyy = δhyy

(2.4.5)

Neglecting the higher order term of δh, we get the time evolution equation of the surface

fluctuations in early stage as follow:

δḣ = h0
(1− φ)2

ξ̃
∇2

||

[
2kδh+

AH

6πh30

(
1− 3

δh

h0

)
− γ(δhxx + δhyy)

]

= h0
(1− φ)2

ξ̃
∇2

||

[
2kδh− AH

2πh40
δh− γ(δhxx + δhyy)

] (2.4.6)

We represent δh in a Fourier series,

δh(ρ, t) =
∑

q

δhq(t)e
iq·ρ (2.4.7)

where q is defined as q = (qx, qy). By linearizing the right side of equation (2.4.3) with

respect to δh, we can rewrite the time evolution equation in the form

∂δhq

∂t
= αδhq (2.4.8)

with

α = −h0 κq2
[
γq2 + 2

(
k − AH

4πh40

)]
, (2.4.9)

where κ is the Darcy constant defined as κ = (1− φ)2/ξ. The solution of equation (2.4.8)

has the form δhq(t) = δhq(0) exp(αt). Thus, the stability of the foam film is determined

by the sign of α: the film is stable when α < 0 because the fluctuation is suppressed and

is unstable when α > 0 because the fluctuation increases. Even when α is positive, the
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collapse of the film becomes slower as α becomes smaller.

2.5 Results

Our theory predicts the characteristic growth rate of the fluctuations as

α∗ = 4h0
κ

γ

∣∣∣k − AH

4πh40

∣∣∣
2

(2.5.1)

and the characteristic wave number of the fluctuations as

q∗ =

√
2

γ

∣∣∣k − AH

4πh40

∣∣∣. (2.5.2)

Thus, we obtain the normalized growth rate as a function of the normalized wave number

as follow:

α

α∗ =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

−q̃2(q̃2 − 1) when
AH

4πh40
> k

−q̃2(q̃2 + 1) when
AH

4πh40
< k

(2.5.3)

where the normalized wave number q̃ = q/q∗.

According to α and α∗, we can explain the stability and durability of the gel film. The

growth rate α(q) converges to two master curves depending on the relative magnitudes of

k and AH/4πh40, as shown in Figure 2.2. The gel film is unstable when α > 0 if k is smaller

than AH/4πh40 and q is smaller than q∗ (the upper half of Orange line), see the equation

(2.4.8). In contrast, the gel film is stable when α < 0 if k is smaller than AH/4πh40 and q

is larger than q∗ (the bottom half of orange line) or k is larger than AH/4πh40 (blue line).

Even when α/α∗ is positive, the collapse of the gel film becomes slower as α∗ becomes

smaller.
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Figure 2.2: The growth rate, α, is shown as a function of the wave number, q. The
rescaled inverse time constant plotted against the rescaled wavenumber. Orange and blue
lines show the cases in which the elastic forces are smaller and larger than van der Waals
forces, respectively.
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2.6 Discussion

We refer to the relationship between the dominant parameters, α∗ and q∗, and their

constituents, k,κ and γ. The osmotic modulus k determines the sign of α. Hence, the

bulk elasticity is important for the stability. The Darcy constant κ determines the value

of α. Therefore, the friction is also important for the durability. The surface tension,

γ, determines the lateral length scale of the fluctuation. The fluctuation increases with

time when q is smaller than q∗. The foam film, even when the elasticity is small, k <

AH/4πh40, is stable when the lateral length of the foam film is smaller than 1/q∗. Hence,

the surface tension stabilizes small foam films. Thus, the bulk elasticity and the friction of

the gel dominate the stability and durability of the foam decorated by polymer/surfactant

complexes.

The Darcy constant κ and the osmotic modulus k may be experimentally accessible.

The Darcy constant κ is the parameter that represents the friction and the volume frac-

tion of complexes in the gels. This constant is probably characterized by measuring the

drainage of foams. The osmotic modulus, k, represents the repulsive force between the

interfaces. The osmotic modulus is characterized by measuring the applied pressure under

which a foam film shows instability.9,10,26

The gelation of the aqueous foam film by two mechanisms other than polymer/surfactant

complexes has been reported. One mechanism involves lamellar liquid crystals comprising

of surfactants and salts.27,28 A lamellar liquid crystal is also called a surfactant crystal

because the surfactants are arranged as crystal structure. They behave similar to gels

macroscopically as they are hydrated by polar group. The other mechanism consists of

polymers cross-linked by ions.29 The polymers and ions form a framework structure in the

foam film. The drainage of the foam containing polymers cross-linked by ions becomes

slower as the concentration of the cross-linker increased.29 The increase in the degree of

cross-linking correlates with the increase in the volume fraction, φ, and then the decrease

in the Darcy constant, κ. Our theory agrees with the previous experiments qualitatively.

The above results and discussion are derived from the assumption that the size of the

surface gel is comparable to the thickness of the foam film. We argue that the ratio of
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these two length scales determines the stabilizing mechanism of foam films. When a foam

film is thinner than h0, the film is stabilized by bulk elasticity, as the complexes are packed

and form the gel-like structure. In contrast, when a foam film is thicker than h0, the film

is stabilized by surface elasticity since the entire foam film is not filled with the complexes

that exist on the surface. Thus, bulk elasticity stabilizes a foam film when the foam film

is not stabilized by surface elasticity and then it thins. This crossover may depend on the

polymer and the surfactant concentration during the solution preparation. Although we

treat the osmotic modulus is symmetric for h = h0 for simplicity, we can predict the lower

bound of the film stability. It is because the foam film becomes more stable as the film

becomes thicker. The osmotic modulus k for h > h0 describes the attracting force in the

unstable foam film which has surface elasticity.

2.7 Summary

We proposed a theory on the stability and durability of a liquid film decorated by sur-

factants and polymers. Here, we assume that surfactants and polymers form a complex

similar to a gel that spans the entire film. The gel suppresses and retards the foam film

fluctuation. The contributions of the gel to the foam film are classified into two types: bulk

elasticity and friction. We predict that the bulk elasticity contributes to the stabilization

of the foam film and that the friction in the foam film prolongs the lifetime of the film.
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Low polymer concentration regime

On dilute polymer regime below the overlap concentration c∗, the mean field assumption

for polymer local concentrations is not valid because the polymers are separated from each

other.30 The effect of polymers on the stability of liquid films should thus be investigated

microscopically. To highlight the roles played by the conformation of polymers, we take

into account the entropic elasticity of polymers and the electrostatics in the liquid film

because the neat air/water interfaces are charged by surfactants or OH− ions.31,32 Liquid

films are stable when the repulsive force is larger than the attractive force, such as van der

Waals force.14,31 Thus, we analyze the repulsive force between two air-liquid interfaces

and construct a theoretical model to characterize the stability of liquid films.

3.1 Conventional research

Kristen and Klitzing reviewed the stability measurements of foam films containing poly-

mers and surfactants.14 The conventional experiments are classified into three groups.

One is the liquid film containing the likely charged polyelectrolytes and surfactants. An-

other is the oppositely charged polyelectrolyte/surfactant systems. The last one is the

polyelectrolyte/surfactant systems in which one or both is not charged. In previous ex-

periments, the liquid film stability is characterized by thin-film pressure balance.8,14,31

With this method, the repulsive forces called disjoining pressure can be measured with

26
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the porous-plate technique, developed by Mysels and Exerowa.9,10 The experiments has

reported that the stability of the liquid film containing the oppositely charged polyelec-

trolytes and surfactants is dramatically different compared to that of the film containing

the pure surfactants,33 while the system of the likely charged polyelectrolytes and surfac-

tants has no significant effect on the stability.34 It is because that the oppositely charged

polyelectrolyte/surfactant forms surface complexes induced by electrostatic attractions,

and the likely charged polyelectrolytes are repelled from the surfactants on the surface of

foams.

They argued that DLVO forces (refer to 1.1.1) which consist of electrostatic and van

der Waals interactions explain the stability of liquid films containing polyelectrolytes and

surfactants.14 In the system of oppositely charged polyelectrolytes and surfactants, the

disjoining pressure has the minimum value (∼ thousands of pascals) against the polyelec-

trolyte concentration, and then the liquid film ruptures when the thickness is ∼10nm. The

instability can be induced by the decrease of the electric repulsion since the concentration

when the film ruptures is the isoelectric point (IEP). However, the DLVO theory is the

same to the stability analysis for the liquid film containing surfactants only. Therefore,

the electric charge of the polymer only is taken into account in the theory.

3.2 Scope of this theory

For simplicity, the stability of the liquid film containing the oppositely charged poly-

electrolyte/surfactant complexes is described in this thesis. This is because hydrogen

bonds and hydrophobic interactions are comparable to electric interactions in the polyelec-

trolyte/surfactant systems in which one or both is not charged.23 The effect of neglected

terms might be described the charge ratio between polyelectrolytes and surfactants.

We focus on the conformation of one polyelectrolyte and take into account the entropic

elasticity of the polyelectrolyte to discuss the liquid film formed. The polyelectrolytes are

adsorbed alone to the surfactants since they are oppositely charged for the surfactants and

isolated each other in dilute solution. Therefore, the number of the adsorbed polymers

is classified into three group(0, 1, 2) by using the lattice model as shown in Figure 3.1.
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In this chapter, we derive the conformation of the adsorbed polymer and the disjoining

pressure at each lattice site.

Figure 3.1: Schematic picture of the lattice model for the liquid film with polyelectrolytes
and surfactant mixture. Treating the air/liquid interface as the adsorption site for the
polyelectrolyte, the lattice pairs are classified into three group against the number of the
adsorbed polyelectrolytes.

3.3 Conformation of polymers adsorbed on surfactants

In this section, we derive the conformation of the polymer adsorbed to the surfactants for

two systems. One is the system in which the polymer is adsorbed to one side. The other

is the system in which the polymer is adsorbed to both sides. The adsorption to one side

represents the limit where the distance between two interfaces is large.

The conformation of the polymer has relevance to the surfactants through the elec-

trostatic interaction. Thus, we minimize the free energy and predict the conformation by

taking into account the entropic elasticity and the electrostatic interaction. To focus on

these two interactions, we consider the conformation of the strongly charged polymer.
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3.3.1 Plane adsorption model

Figure 3.2: A simple lattice box for the adsorbed polymer. We treat the width and height
of the lattice box as d and L, respectively. The surface charge becomes zero since the
oppositely charged segment of the polymer approaches the surface. The polymer adsorbed
by the electric attraction can be treated as the grafted polymer.

By treating the polymer as a lattice box and the interface having the surfactants as

a charged wall as shown in Figure 3.2, we derive the simple conformation of the polymer

adsorbed to one side. The polymer is adsorbed to the surfactants through the electric

attraction. The segment of the polymer and the surfactant close to each other can be

treated as the non-charged segment due to the electric neutrality. For simplicity, we

assume that the counter ions of surfactants freed by the adsorption distribute uniformly

in the system. This is because the electric interaction of the polymer is screened when the

polymer is strong charged. The free energy of the adsorbed polymer has a form

F =
kL2

2
+ kBTd

2
∫ ∞

0
ρ+(ln ρ+ − 1) dz

+
ed2

2

∫ ∞

0
(ρ+ − C)φ dz − λ

[
d2

∫ ∞

0
ρ+dz − CLd2

]
,

(3.3.1)

where the entropic elasticity has the form

k =
3kBT

(N − σd2)a2
(3.3.2)
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and the charge density of the polymer has the form

C(z) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

1

L

(N
d2

− σ
)

(0 ≤ z ≤ L)

0 (z ≥ L)

(3.3.3)

and the Lagrange multiplier is λ. The first term represents the entropic elasticity of the

polymer19 where N is the number of the segments and σ is the surface density of the

electric charge, and a is the length of the segment. This elasticity is inversely proportional

to the number of remained segment which is not adsorbed, N − σd2, see the equation

(1.1.9). The second term represents the entropy of the counterion liberated from the

polymer where the counterion density is ρ+. The third term represents the electrostatic

energy where e is an elementary charge. Using the method of Lagrange multipliers, we fix

the number of the counterion in the fourth term.

To simplify the free energy, we reduce the variable of the equation. According to

the functional derivative of the equation (3.3.1) with respect to ρ+,35 the density of the

counterion has a form

n0 = eλβ

ρ+ = n0e
−βeφ

(3.3.4)

where n0 is a constant depending on the Lagrange coefficient and the density of the

counterion ρ+ has relevance to the electrostatic potential φ. Here, we introduce an Poisson-

Boltzman equation, d2φ/dz2 = −e(ρ+ − C)/ϵ. Substituting (3.3.4) and the Poisson-

Boltzmann equation, we obtain

F =
kd2

2
−

ϵd2

2

∫ ∞

0

(dφ
dz

)2
dz − d2

∫ L

0
eC(z)φ dz

− n0kBTd
2
∫ ∞

0
e−βeφdz + kBTd

2 lnn0 CL.

(3.3.5)

Using the functional derivative of the Equation (3.3.5) with respect to φ, we can confirm



3.3. CONFORMATION OF POLYMERS ADSORBED ON SURFACTANTS 31

the Poisson-Boltzmann equation of this system.

d2φ̃(z)

dz2
= 4πlB{−n0e

−φ̃ + C(z)}, (3.3.6)

where a dimensionless potential φ̃ = βeφ is the electric potential rescaled with the thermal

energy kBT , and the Bjerrum length lB is the distance in which an electric interaction is

comparable to thermal energy. Multiplying both side of the Equation (3.3.6) by dφ̃/dz,

the equation has a form

d

dz

{1

2

(dφ̃(z)
dz

)2}
= 4πlB

{
−n0

d

dz
e−φ̃ + C(z)

dφ̃(z)

dz

}
. (3.3.7)

Integrating this equation with respect to z from 0 to h provides the form

(dφ̃
dz

)2
=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

8πlB(n0e−φ̃ + Cφ̃) + C0(const.) (0 ≤ z ≤ L)

8πlBn0e−φ̃ + C1(const.) (z ≥ L)

(3.3.8)

Owing to the electric neutrality at z = 0, the boundary condition has a form

φ̃(0) = 0,
dφ̃(z)

dz

∣∣∣∣∣∣∣
z=0

=
dφ̃(z)

dz

∣∣∣∣∣∣∣
z=∞

= 0. (3.3.9)

Furthermore, the counterion density becomes zero at long distance,

ρ+(∞) = n0e
−φ̃(∞) = 0. (3.3.10)

Comparing the Equation (3.3.8) to the boundary conditions, we have the integral constants

as follows:

C0 = −8πlBn0, C1 = −8πlBρ−(∞) = 0. (3.3.11)
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Thus,

(dφ̃(z)
dz

)2
=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

8πlB(n0e−φ̃ − n0 + Cφ̃) (0 ≤ z ≤ L)

8πlBn0e−φ̃ (z ≥ L)

(3.3.12)

From the continuous condition of the electric field at z = L, the potential at z = L is

(n0e
φ̃L − n0 + Cφ̃L) = n0e

φ̃L .

→ φ̃L =
n0

C

(3.3.13)

We derive the potential in two regimes.

(I)z ≥ L

By integrating with variable separation, the potential has a form

−
√

8πlBn0dz = eφ̃/2dφ̃φ̃ = 2 ln
[ κz
√
2
− C2(const.)

]
, κ =

√
4πlBn0 (3.3.14)

Due to the boundary condition at z = L, the potential becomes

φ̃(z) = 2 ln
[κ(z − L)√

2
+ e

n0
2C

]
(z ≥ L) (3.3.15)

(II)0 ≤ z ≤ L

The electric energy is smaller than the thermal energy because the electric interaction is

screened by the counterions. ɹ By introducing eφ̃ ≃ 1 + φ̃ + φ̃2

2 under φ̃ ≪ 1 to the

Equation (3.3.12), we obtain the equation as follows:

(dφ̃
dz

)
=

√
8πlBn0

√

φ̃+
φ̃2

2
+

C

n0
φ̃

=
√
4πlBn0

√
(φ̃+ a)2 − a2, a = 1− C

n0
.

(3.3.16)
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By integrating with variable separation, the potential has a form

−κz + C3(const.) = cosh−1
( φ̃
a
+ 1

)
(3.3.17)

Due to the boundary condition at z = 0, C3 = cosh−1(1) = 0. Therefore, the potential

becomes

φ̃(z) =
(
1− C

n0

)[
cosh(κz)− 1

]
(0 ≤ z ≤ L) (3.3.18)

Furthermore, the potential at z = L is

φ̃L =
(
1− C

n0

)[
cosh(κL)− 1

]
(3.3.19)

Summarizing above, the potentials is written as follows:

φ̃(z) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(
1−

C

n0

)[
cosh(κz)− 1

]
(0 ≤ z ≤ L)

−2 ln
[κ(z − d)

√
2

+ e
n0
2C

]
(z ≥ L)

(3.3.20)

where κ =
√
4πlBn0. κ−1 is called the Debye length.6 To obtain n0, we compare the

Equation (3.3.13) and (3.3.19).

n0

C
=

( C

n0
− 1

)[
cosh(κL)− 1

]

→
C

n0
=

1

2

(
√√√√ cosh(κL) + 3

cosh(κL)− 1
+ 1

)
(3.3.21)

We approximate this equation for two limits. One of them is the case in which the length

of the polymer is much longer than the Debye length. The other one is the case in which

the length of the polymer is much shorter than the Debye length.
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(I)κL ≫ 1

C

n0
≃

1

2

(
√√√√eκL

eκL
+ 1

)
= 1

→ n0 ≃ C

(3.3.22)

Thus,

φ̃(z) =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

0 (0 ≤ z ≤ L)

2 ln
[κ(z − L)

√
2

+ e
1
2

]
(z ≥ L)

(3.3.23)

where κ =
√
4πlBC.

(II)κL ≪ 1

C

n0
≃

1

2

(
√√√√

1 +
8

(κL)2
+ 1

)
≃

√
2

κL
+

1

2

→ n0 = 2πlB
(N
d2

− σ
)2

(3.3.24)

Thus,

φ̃(z) =

⎧
⎨

⎩
2πlBCz2 (0 ≤ z ≤ L)

2 ln
[
2πlB

(
N
d2 − σ

)
(z − L) + eπlBL(

N
d2

−σ)
]

(z ≥ L)
(3.3.25)

where κ = 2
√
2πlB

(
N
d2 − σ

)
. Comparing the Equation (3.3.22) and (3.3.24), the overlap

length L′ has a form

C = 2πlB
(N
d2

− σ
)2

→ L′ =
1

2πlB(
N
d2 − σ)

.
(
0 ≤ d ≤

√
N

σ

)
(3.3.26)
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A phase diagram and non-dimensionalization

We describe the phase diagram for the electric potential φ̃ as a function against the height

of the box L and the width of the box d.

First, we rescale the width d by d∗ =
√

N
σ since the charge density of the polymer is

written as N − σd2 ≥ 0.

d

d∗
= s. (0 ≤ s ≤ 1) (3.3.27)

Next, we rescale the height L by L∗ =
1

2πlBσ
called the Gouy-Chapman length because

the height of the box has relevance to the electric interaction.

L

L∗ = t, (0 ≤ t ≤ tmax), (3.3.28)

where tmax = 2πlBσNa(1 − s2). According to these rescaled parameters, the rescaled

overlap height has a form

t′ =
L′

L∗ =
1

s−2 − 1
. (3.3.29)

Thus, we exhibit the phase diagram by describing the Equation (??) and (3.3.29) in Figure

3.3.
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Figure 3.3: The phase diagram of the rescaled electric potential. The rescaled height is
plotted against the rescaled width. Red and blue areas show cases in which the height
is shorter and longer than the screening length κ−1, respectively. Red area (κL ≪ 1)
represents that the electric charge of the polymer is screened by the surface charge. Blue
area (κL ≫ 1) represents that the charge of the polymer is remained.

The hight of the lattice box

The free energy of the adsorbed polymer is a function of two variables, L and d. We obtain

the equilibrium conformation by using the derivative of the free energy. Before calculating

the derivative, we simplify the free energy by substituting the Equation (3.3.12) to the

free energy (3.3.5). The simplified free energy is rewritten as follow:

F =
kL2

2
− n0kBTLd

2 − ϵd2
∫ ∞

0
(∇φ)2dz + kBT

(
N − σd2

)
lnn0 (3.3.30)
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The derivative of the free energy with respect to L has a form

dF

dL
=

∂F

∂L
+

δF

δφ

∂φ

∂L
(3.3.31)

We substitute
δF

δφ
= 0 to this equation because of the obtained electric potential from the

functional derivative. So, the derivatives with respect to L for two regime are written as

follows:

(I)κL ≫ 1;n0 ≃ C

∂F

∂L
= kL− CkBTd

2 +
ϵd2

L

∫ ∞

0
(∇φ)2dz (3.3.32)

We calculate the electrostatic energy.

∂φ̃(z)

∂z
=

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

0 (0 ≤ z ≤ L)

− 2

(z − L) + 1
κ

√
2e

(z ≥ L)

(3.3.33)

Therefore,

∫ ∞

0
(∇φ̃)2dz =

∫ ∞

L
(∇φ̃)2dz =

4

L

∫ ∞

0

du

(u+ 1
κL

√
2e)2

=
4κ
√
2e
. (3.3.34)

Thus,

∂F

∂L
=

3kBT

(N − σd2)a2
L−

kBT

L

(
N − σd2

)
+

4d2
√
2e

1

βe

√
ϵ

β

1

L3/2

√
N

d2
− σ

= PL−
Q

L
+

R

L3/2
= 0,

(3.3.35)
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where

P =
3kBT

(N − σd2)a2
, Q = kBT

(
N − σd2

)
, R =

4d2
√
2e

1

βe

√
ϵ

β

√
N

d2
− σ. (3.3.36)

(i)When L is large, we approximate the height, L ≃

√√√√Q

P
by neglecting the third term.

Then, the solution becomes

L1 ≡

√√√√1

3
a(N − σd2). (3.3.37)

(ii)When L is small, we approximate the height, L ≃
(R
Q

)2
by neglecting the first term.

Then, the solution becomes

L2 ≡
2

e

1

πlBσ

1

N/σd2 − 1
, (3.3.38)

where e is Napier’s constant. According to these equations, the minimum and maximum

values correspond to Lmax and L′ except for prefactars. However, the polymer has no

equilibrium state when κL ≫ 1. This is because L2 is smaller than κ−1, and the maximum

value L1 is larger than the gyration size of the polymer in solutions Rg ∼ a
√
N .19

(II)κL ≪ 1;n0 = 2πlB
(

N
d2 − σ

)2

∂F

∂L
= kL− kBT2πlBd

2
(N
d2

− σ
)2

+
ϵd2

L

∫ ∞

0
(∇φ)2dz (3.3.39)

We have the electrostatic energy.

∂φ̃(z)

∂z
=

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

−4πlBCz (0 ≤ z ≤ L)

− 2

(z − L) +X
, (z ≥ L)

(3.3.40)
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where

X =
eπlBL(

N
d2

−σ)

2πlB(
N
d2 − σ)

. (3.3.41)

Therefore,

∫ ∞

0
(∇φ̃)2dz = (4πlB)

2
(N
d2

− σ
)2L

3
+ 8πlB

(N
d2

− σ
)
e−πlBL(

N
d2

−σ). (3.3.42)

Thus,

∂F

∂L
=

3kBT

(N − σd2)a2
L−

e2d2

6ϵ

(N
d2

− σ
)2

+
2kBTd2

L

(N
d2

− σ
)
e−πlBL(

N
d2

−σ)

= PL− V +
W

LeY L
= 0,

(3.3.43)

where

V =
e2d2

6ϵ

(N
d2

− σ
)2

, W =
2kBTd2

L

(N
d2

− σ
)
, Y = −πlB(

N

d2
− σ). (3.3.44)

(i)When L is large, we approximate the height, L ≃
V

P
by neglecting the third term.

Then, the solution becomes

L3 ≡
a2

9d2
2πlB(N − σd2)3. (3.3.45)

(ii)When L is small, we approximate the height, L ≃
W

V
by neglecting the first term.

In this case, the solution becomes

L4 ≡
6ϵ

e2

2kBT

(Nd2 − σ)
=

3

πlB

1

(Nd2 − σ)
. (3.3.46)

From the above derivative, the equilibrium length L4 is larger than the screen length

κ−1 =
[
2
√
2πlB

(
N
d2 − σ

)]−1
. Therefore, the free energy has no equilibrium state in this
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regime. In other wards, ∂F/∂L is positive when L < κ−1.

The appropriate height is zero because the free energy monotonically increase with

respect to L.

The width of the lattice box

Substituting L = 0 to the free energy (3.3.30), we obtain the appropriate free energy with

respect to L.

F = γd2 = kBT
(
N − σd2

)[
ln 2πlB + 2 ln

(N
d2

− σ
)
− 2

]
(3.3.47)

The derivative of the free energy with respect to d has the form

∂F

∂d
= −2kBTσd

[
ln 2πlB + 2 ln

(N
d2

− σ
)
− 2

]
− 4kBT

N

d
(3.3.48)

∂F

∂d
= −

2NkBT

d

[σd2

N

(
ln
[
2πlB

(N
d2

− σ
)2]

− 2
)
+ 2

]
< 0,

(
0 ≤ d ≤

√√√√N

σ

)
(3.3.49)

The polymer spreads to the limit. Therefore, the polymer is adsorbed plainly to the

surface.
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3.3.2 Bridge model

The polymer is adsorbed to one surface when two walls are far. In contrast, the polymer

may be adsorbed to both surfaces and bridge a gap when two walls are close as shown

in Figure 3.4. We consider the conformation of the bridging polymer. For simplicity, we

assume that number of the counterions from the polymer is constant in a lattice box.

Figure 3.4: Schematic picture of the adsorbed polymer as the bridge between two surfaces.

The free energy of the bridging polymer

We assume that the polymer is adsorbed isotropically to the surfaces as shown in Figure

3.5. The free energy density per unit area γ has a form

γ =
k

2

(h
d

)2
+

e

2

∫ h/2

−h/2

(
ρ+ − ρ− − C

)
φdz

+ kBT

∫ h/2

−h/2
ρ+(ln ρ+ − 1) + ρ−(ln ρ− − 1)dz

− µ
[∫ h/2

−h/2
+ρ−dz − 2σ

]
− λ

[∫ h/2

−h/2
ρ+dz −

N

d2

]

(3.3.50)

k =
3kBT

(N − 2σd2)a2
(3.3.51)



42 CHAPTER 3. LOW POLYMER CONCENTRATION REGIME

Figure 3.5: The model of the bridging polymer. The width of the polymer is d. The
distance between two walls is h.

C =
1

h

(N
d2

− 2σ
)

(3.3.52)

According to the functional derivative, we derive the Poisson-Boltzmann equation. Sub-

stituting φ(z) =
∫ h/2
−h/2

e

4πε

ρ+ − ρ− − C

|z − z′| dz′ to the Equation (3.3.50), we obtain the plus

counterion density as follows:

δγ

δρ+
=

∫ h/2

−h/2

[
eφ+ kBT ln ρ+ − λ

]
dz = 0

→ ρ+ = eλβe−βeφ = n+e
−φ̃

(3.3.53)

The same treatment is applied for the ρ−. The minus counterion density has a form

ρ− = n−e
φ̃. (3.3.54)
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Using the Equations (3.3.53) and (3.3.54), γ is rewritten as a function of the electric

potential φ:

γ[φ̃(z)] =
k

2

(h
d

)2
−

ϵ

2

∫ h/2

−h/2
(∇φ)2dz − eC

∫ h/2

−h/2
φ dz

− kBT

∫ h/2

−h/2
n+e

−φ̃ − n−e
φ̃dz +

NkBT

d2
lnn+ + 2σkBT lnn−

(3.3.55)

where the rescaled φ̃ = βeφ. By using the functional derivative of φ̃ for γ, we obtain the

following Poisson-Boltzmann equation:

∇2φ̃ = 4πlB(C + n−e
φ̃ − n+e

−φ̃). (3.3.56)

We solve this equation. The electric field is zero at middle plane owing to the symmetry.

Furthermore, the electric field is zero on the surfaces due to the electric neutrality by the

adsorption of the polymer. The boundary conditions is written as follows:

dφ

dz

∣∣∣
z=h/2

=
dφ

dz

∣∣∣
z=−h/2

=
dφ

dz

∣∣∣
z=0

= 0 (3.3.57)

φ(0) = 0 (3.3.58)

φ
(h
2

)
= φ

(
−
h

2

)
(3.3.59)

By multiplying both side of the Equation (3.3.56) by ∇φ̃ and integrating, we obtain the

following equation:

(dφ̃
dz

)2
= 8πlB(Cφ̃+ n−e

φ̃ + n+e
−φ̃) + C0(const.) (3.3.60)

Due to the boundary condition at z = 0, the integral constant has a form

C0 = −8πlB(n+ + n−). (3.3.61)
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Therefore,

(dφ̃
dz

)2
= 8πlB(Cφ̃+ n−(e

φ̃ − 1) + n+(e
−φ̃ − 1)). (3.3.62)

Owing to the two boundary conditions at z = h/2 and z = −h/2,

0 = Cφ̃h/2 + n−(exp(φ̃h/2)− 1) + n+(exp(−φ̃h/2)− 1), (3.3.63)

0 = Cφ̃−h/2 + n−(exp(φ̃−h/2)− 1) + n+(exp(−φ̃−h/2)− 1). (3.3.64)

Let us consider that the counterion is filled up in the polymer because the polymer is

strongly charged. We use the approximation: φ̃ ≪ 1. Due to this approximation, the

boundary condition at z = h/2 has an approximate form

0 ≃ Cφ̃h/2 + n−φ̃h/2 + n+φ̃h/2

= (C + n− − n+)φ̃h/2.
(3.3.65)

To complete the above equation, we have to consider the cases in which either C+n−−n+ =

0 or φ̃h/2 = 0. At first, we treat the case in which C + n− − n+ ̸= 0 and φ̃h/2 = 0. The

Equation (3.3.62) has an approximate form

(dφ̃
dz

)2
≃ 8πlB(C + n− − n+)φ̃. (3.3.66)

Solving this equation, we obtain the following equation:

√
φ̃ = ±

√
2πlB(C + n− − n+)z + C1. (3.3.67)

Due to the boundary condition at z = 0, this equation has a form

φ̃ = 2πlB(C + n− − n+)z
2, (3.3.68)
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where C1 = 0. Comparing the derivative of the solution to the electric field at z = h/2,

we find the following relation:

∂φ̃

∂z

∣∣∣
z=h/2

= 2πlB(C + n− − n+)h ̸= 0. (3.3.69)

The case in which C + n− − n+ ̸= 0 and φ̃h/2 = 0 is improper. Next, we consider the case

in which C + n− − n+ = 0. The Equation (3.3.66) changes to a form

(dφ̃
dz

)2
≃ 0. (3.3.70)

Therefore,

φ̃ = 0. (3.3.71)

where the electric field is zero at z = 0. Thus, the electric potential is constant in the

system, and then the ions distribute uniformly.

ρ− =
2σ

h
, ρ+ =

N

hd2
(3.3.72)

The free energy density (3.3.50) changes to a form

γ =
k

2

(h
d

)2
+ kBT

∫ h/2

−h/2

N

hd2
(ln

Nv0

hd2
− 1) +

2σ

h
(ln

2σv0

h
− 1)dz

=
k

2

(h
d

)2
+

NkBT

d2
(ln

Nv0

hd2
− 1) + 2σkBT (ln

2σv0

h
− 1),

(3.3.73)

where the volume of the monomer is v0 = a3.
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The area of the bridging polymer

According to the Equation (3.3.73), the free energy F has a form

F = γd2

=
3kBT

2

(h
a

)2 1

N − 2σd2
+NkBT

(
ln

Nv0

hd2
− 1

)
+ 2σd2kBT

(
ln

2σv0

h
− 1

) (3.3.74)

To obtain the area of the bridging polymer, we perform the width d derivative of the free

energy.

∂F

∂d
=

2NkBT

d

[
3
(h
a

)2 σd2

N(N − 2σd2)2
− 1 +

2σd2

N

(
ln

2σv0

h
− 1

)]
(3.3.75)

The derivative
∂F

∂d
= 0 has a form

3
( h

Na

)2

σd2

N

(
1−

2σd2

N

)2

− 1 +
2σd2

N

{
ln
(aN

h

2σa2

N

)
− 1

}
= 0. (3.3.76)

where d ̸= 0. The system of the bridging polymer is allowed in the distance below the

full length of the polymer, h < Na. We can approximate the above equation by using

h

Na
≪ 1.

3
( h

Na

)2 1

(
1−

2σd2

N

)2

+ 2
{
ln
(aN

h

2σa2

N

)
− 1

}
≃ 0

(3.3.77)

Thus, the width of the bridging polymer has a form

dbridge =

√√√√N

2σ

√√√√√
1−

√√√√3

2

( h

Na

)2{
1− ln

(aN
h

2σa2

N

)}−1
∼

√√√√N − h/a

2σ
.

(3.3.78)
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Above the all, the polymer bridges two surfaces as an extended conformation and the all

remained segments are adsorbed to the surface.

3.4 Disjoining pressure

To estimate the contribution of the polymer for the stability of the liquid film, we calculate

the disjoining pressure.

3.4.1 Both side adsorption

Due to the plain adsorption, we treat the adsorbed polymer and the interface as a neu-

tral wall, Figure (3.6). The counterions originated from the interfaces and the polymers

distribute uniformly.

Neutral�

z�

h�

0� Neutral�

Figure 3.6: Schematic picture of two interfaces with the polymers. Owing to the adsorption
of the polymer, the electric charge of the interfaces is zero.

We treat the density of plus charged counterion and minus charged counterion as ρ+

and ρ−, respectively. The number per unit area of the counterions has a form

∫ h

0
ρ+dz =

∫ h

0
ρ−dz = 2σ. (3.4.1)

where the surface charge density is σ. According to the uniformly distribution, the densi-
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ties has a form

ρ+ = ρ− =
2σ

h
. (3.4.2)

The free energy density contains the entropy of the counterions since the electrostatic

energy is zero due to the electric neutrality. Then, the free energy density γ has a form

γ(z) = kBT

∫ h

0
ρ+(ln ρ+ − 1) + ρ−(ln ρ− − 1)dz

= 4σkBT
[
ln
(2σ
h

− 1
)]

(3.4.3)

Thus, the disjoining pressure has a form

Π2 = −
∂γ

∂h

= −4σkBT
∂

∂h

[
ln
(2σ
h

− 1
)]

=
4σ

h
kBT.

(3.4.4)

3.4.2 Plane adsorption

Neutral�

z�

h�

0�

Figure 3.7: Schematic picture of two interfaces with the polymers. Owing to the adsorption
of the polymer, the electric charge of the interfaces is zero at one side.

Owing to the plain adsorption, we treat the adsorbed polymer and the interface as a
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neutral wall, Figure (3.7). The Poisson-Boltzmann equation for this system has the form

∇2φ̃ = −4πlB(ρ+ − ρ−) (0 < z < L) (3.4.5)

where ρ+ and ρ− are the positive charged counterion and the negative charged counterion,

respectively. The boundary conditions for the charge neutrality are considered as follows:

φ̃(h) = φ̃h = 0,
dφ̃

dz

∣∣∣∣∣∣∣
z=h

= 0. (3.4.6)

Using this condition, we define the constant n0 representing the density of the counterions

at z = h as follows:

ρ+ = n0e
−φ̃, ρ− = n0e

φ̃. (3.4.7)

We consider the case in which the the number of the counterions is constant. This condi-

tions have the form ∫ h

0
ρ+dz = 2σ,

∫ h

0
ρ−dz = σ. (3.4.8)

where σ is the surface charge density. The Poisson-Boltzmann equation (3.4.5) is rewritten

as follow:

d2φ̃

dz2
= 8πlBn0 sinh(φ̃). (3.4.9)

Multiplying both side of this equation by dφ̃/dz, we obtain the following equation:

(dφ̃
dz

)2
= 16πlBn0 cosh(φ̃) + C0. (3.4.10)

Owing to the boundary condition at z = h, this equation change to the form

(dφ̃
dz

)2
= 16πlBn0

[
cosh(φ̃)− cosh(φ̃h)

]
. (3.4.11)

We approximate this equation by using φ̃ ≪ 1 because the counterions screen the elec-
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trostatic interaction of the charged surface. Integrating the approximated equation, we

obtain the following equation:

√
8πlBn0z + C1 =

∫ dφ̃
√
φ̃2 − φ̃2

h

= − cosh−1
( φ̃

φ̃h

)
. (3.4.12)

Substituting z = h to this equation, we obtain C1 = −
√
8πlBn0h. Then, the electrostatic

potential becomes

φ̃(z) = φ̃h cosh[κ(h− z)], (3.4.13)

where κ =
√
8πlBn0. At z = 0, the potential becomes

φ̃0 = φ̃h cosh[κh]. (3.4.14)

Owing to the boundary condition at z = 0,
dφ̃

dz

∣∣∣∣∣∣∣
z=0

= −4πlBσ, we find the following

relation from the Equation (3.4.11):

πlBσ2

n0
= cosh(φ̃0)− cosh(φ̃h) ≃

φ̃2
0

2
−

φ̃2
h

2
. (3.4.15)

This approximation is because of the potential screening, φ̃ ≪ 1. Substituting the Equa-

tion (3.4.14) to this equation, we obtain the following equation:

2πlBσ2

n0
≃ φ̃2

0 tanh
2(κh). (3.4.16)

Focusing on tanh(κh), we obtain n0 as a function of φ̃0 for the cases in which the distance

between two walls is long and short.

(I)κh ≫ 1

Owing to φ̃ ≪ 1, the conservation of the counterions (3.4.8) change to a form

n0

∫ h

0
1− φ̃ dz = 2σ, n0

∫ h

0
1 + φ̃ dz = σ. (3.4.17)
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The Equation (3.4.16) change to a form

n0 =
2πlBσ2

φ̃2
0

, (3.4.18)

by the use of tanh(κh) ≃ 1. Substituting this equation to the conditions of conservation

(3.4.8), we rewrite the conservation to the form

h−
∫ h

0
φ̃ dz =

φ̃2
0

πlBσ
, h+

∫ h

0
φ̃ dz =

φ̃2
0

2πlBσ
. (3.4.19)

The second term of the left side has the form

∫ h

0
φ̃ dz =

φ̃h

κ
sinh(κh) =

φ̃0

κ
tanh(κh) ≃

φ̃0

κ
. (3.4.20)

Therefore, we obtain the electric potential at z = 0 and the density of counterions at z = h

as follow:

φ̃0 =

√√√√4πlBσh

3
, n0 =

3σ

2h
. (3.4.21)

We consider the electric potential as |φ̃| = φ̃ since the surface is positive charged at z = 0.

(II)κh ≪ 1

The Equation (3.4.16) change to the form

n0 =
1

|φ̃0|

σ

2h
, (3.4.22)

by the use of tanh(κh) ≃ κh. The integral of the electric potential has the form

∫ h

0
φ̃ dz =

φ̃0

κ
tanh(κh) ≃ φ̃0h.

(3.4.23)

The conditions of conservation change the form

h− φ̃0h = 4hφ̃0, h+ φ̃0h = 2hφ̃0. (3.4.24)
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We obtain the electrostatic potential at z = 0 and the density of counterions at z = h as

follow:

φ̃0 =
1

3
, n0 =

3σ

2h
. (3.4.25)

Disjoining pressure

To get the disjoining pressure, we describe the free energy density per unit area and

perform the L-derivative of the free energy density. The free energy density γ has a form

γ =kBT

∫ h

0
ρ+(ln ρ+ − 1) + ρ−(ln ρ− − 1) dz +

e

2

∫ h

0
{ρ+ − ρ−}φ dz

− λ
[∫ h

0
(ρ+ + ρ−) dz − 3σ

]
,

(3.4.26)

where λ is the Lagrange multiplier. By using the Poisson-Boltzmann equation, we rear-

range the free energy density to the form

γ = −kBT

∫ h

0
ρ+ + ρ− dz −

ϵ

2

∫ h

0
(∇φ)2 dz + 3σ lnn0kBT. (3.4.27)

where n0 = eλβ . The derivative of the free energy density with respect to L has the form

∂γ

∂L
=

ϵ

2h

∫ h

0
(∇φ)2 dz −

kBT

h

∫ h

0
2n0 cosh(φ̃) dz.

(3.4.28)

Here, we rearrange the Equation (3.4.11) to the form

−
ϵ

2
(∇φ)2 + kBT 2n0 cosh(φ̃) = kBT 2n0 cosh(φ̃h). (3.4.29)

Substituting this equation to the derivative of the free energy density with respect to L,

we obtain the disjoining pressure as follow:

Πplain = kBT 2n0 cosh(φ̃h) =
3σ

h
kBT, (3.4.30)
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where φ̃h = 0 from the boundary condition (3.4.6).

3.4.3 Bridge

Substituting dbridge ∼

√√√√N − h/a

2σ
to the free energy (3.3.74), we rewrite the free energy

to a form

F =
3kBTh

2a
+NkBT

[
ln
(2σv0

h

1

1− h
Na

)
− 1

]
+

(
N −

h

a

)
kBT

(
ln

2σv0

h
− 1

)
(3.4.31)

According to the h-derivative of the free energy, we obtain the force exerting two surfaces,

∂F

∂h
=

3kBT

2a
+NkBT

(
−
1

h
+

1

Na− h

)
−

kBT

a

(
ln

2σh

h
− 1

)
−

(
N −

h

a

)kBT
h

. (3.4.32)

Therefore, the disjoining pressure Πbridge has a form

Πbridge = −
∂F

∂h

( 1

dbridge

)2

= 2σkBT
[
−

3

2Na(1− h
Na)

+
{ 1

h(1− h
Na)

−
1

Na(1− h
Na)

2

}

+
{1

h
+

1

Na(1− h
Na)

(
ln

2σv0

h
− 1

)}]
.

(3.4.33)

The first term represents the entropic elasticity of the polymer which attracts two surfaces.

The second terms represent the reduction of the placement area, and the liberation of the

counterions on the polymer. The third terms represent he reduction of the placement area,

and the liberation of the counterions on the surface.
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3.5 Results

We summarize the disjoining pressures above.

Π0 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

( π

βe

)2 2ϵ

L2
+

4σ

L
kBT, when πlBσL ≫ 1

2σ

L
kBT, when πlBσL ≪ 1

(3.5.1)

Π2 =
4σ

L
kBT,

Πplain =
3σ

L
kBT,

Πbridge = 2σkBT
[
−

3

2Na(1− h
Na)

+
{ 1

h(1− h
Na)

−
1

Na(1− h
Na)

2

}

+
{1

h
+

1

Na(1− h
Na)

(
ln

2σv0

h
− 1

)}]
.

(3.5.2)

The effective disjoining pressure has the van der Waals attraction, −
AH

6πh3
. Therefore, the

disjoining pressure measured in experiments has a form

Π = Πdisjoin −
AH

6πh3
. (3.5.3)

We plot Π against the film thickness h by using the parameters in Table (3.1).
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Figure 3.8: Disjoining pressure plotted against the thickness of the lattice box decorated
by the surfactants only. The overlap thickness (πlBσ)−1 = 40[nm]. The disjoining pressure
has the maximum value at h = 4.4[nm].
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Figure 3.9: Disjoining pressure plotted against the thickness of the lattice box containing
two polymers. The disjoining pressure has the maximum value at h = 3.1[nm].
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Figure 3.10: Disjoining pressure plotted against the thickness of the lattice box containing
one polymers. The polymer is adsorbed to one surface. The disjoining pressure has the
maximum value at h = 3.6[nm].
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Figure 3.11: Disjoining pressure plotted against the thickness of the lattice box containing
one polymers. The polymer bridges a gap between two surfaces. The disjoining pressure
has the maximum value at h = 3.1[nm].
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Table 3.1: Parameters

N Number of segments 100
a Segment length 1[nm]
σ Surface charged density 0.01[nm−2]
AH Hamaker constant 10−20[J]

We exhibit the maximum values as follow:
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Figure 3.12: The maximum values of the disjoining pressure.

3.6 Discussion

3.6.1 The overestimation of the osmotic pressure

The disjoining pressure profiles have the maximum values at a few nanometers thickness.

The comparison of the maximum values shows that the value of the bridging model is

larger than that of the plain adsorption. These behaviors can not explain the minimum

value of the disjoining pressure against the polymer concentration. We consider this non-
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conformance is caused by the confinement of counterions in the lattice box. If counterions

are confined in the box, the osmotic pressure becomes large. In the previous experiment,

the excess counterions probably go out of the lattice box since the liquid film touches the

porous materials. The excess osmotic pressure induced by the confinement may cause the

non-conformance when the film thickness is thin.

Here, let us look back the film thickness in which the disjoining pressure becomes the

minimum value. The liquid film ruptures at ∼10nm. Paying attention to the pressure

at ∼10nm, we find out the negative disjoining pressure in only Figure 3.11. Thus, we

can obtain the maximum value of the disjoining pressure agreeing with the experiment by

solving the confinement of counterions. We should consider the counterions elimination

except for the ions attracted by the electrostatic interaction.

3.6.2 Computational simulation of polymer conformation

We assumed the one polymer is adsorbed to the both side in bridge model. When the

distance between two surfaces is longer than the full length of the polymer, the one polymer

can not bridge the gap. Consequently therefore, the probability of the polymer bridging

is sensitive to the ratio of the polymer length and the gap. In this thesis, we confirm the

occurrence of the polymer bridging in some cases. The study about the dependency of the

probability on the gap between two surfaces is a future task.

Using the self consistent field calculation on the basis of Edwards equation30 through

the code ”SUSHI” included in the OCTA system,36 we examine the volume fraction of

the segments to predict the conformation of polymers. We put strongly charged polymers

into solution between two charged walls in canonical ensemble. The conformation of the

polymer is determined by the entropic elasticity and the electrostatic interaction. In Table

3.2, the conditions are summarized.

Table 3.2: Condition

Simlation SCF
Ensemble Canonical

Surface charge density 0.01[C/m2]
Volume fraction of monomer 0.05%
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Model

We calculate two systems. In the first one, the polymers can move freely as shown in

Figure 3.13a. In the last one, we focus on the polymers for which the center part is in

the middle plane by using mask method as shown in Figure 3.13b. We compare the free

energy between two systems to evaluate the probability of the polymer bridging.

(a) The polymers can move freely. Owing to
the electrostatic interaction, the polymer is
adsorbed to the charged wall since the poly-
mers and the walls are oppssitely charged.

(b) Because of focusing the polymer which
the center part is in the middle plane, all seg-
ments of the polymers can not be adsorbed
to one wall. The polymers bridge the gap
when the polymer is longer than the gap.

Figure 3.13: Schematic pictures of the simulation model for the strongly charged polymers
in solution between two charged walls.

We calculate the cases in which the distance of the gap is the length of 50 segments

whose length is 0.6nm, the Bjerrum length in water, and change the degree of the poly-

merization from 10 to 60.

Result

We plot the volume fraction distribution of the polymer segments and the ions between

two walls in Figure 3.14 and 3.15. In the case in which the polymer can move freely,

the most segments are adsorbed to the walls. In the case in which the center part of the
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polymer is in the middle plane, the end parts are adsorbed to the walls because the volume

fraction of the polymer at walls is not zero. The free energy difference becomes smaller

as the degree becomes larger in Figure 3.16. The free energy difference is smaller than

0.03 kBT . Thus, the polymer which bridges the gap exists with a high probability though

further consideration is necessary.
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Figure 3.14: The volume fraction plotted against the distance between two walls for the
system in which the polymers can move freely. The length of polymer is 60 monomer
length. The most segments are adsorbed to the walls.
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Figure 3.15: The volume fraction plotted against the distance between two walls for the
system in which the polymers can move freely. The length of polymer is 60 monomer
length. Each end of the polymer is adsorbed to the each wall.
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Figure 3.16: The free energy normalized by thermal energy kBT plotted against the degree
of polymerization. Red line shows the free energy of the system in which the polymer can
move freely. Blue line shows the free energy of the system in which the center part of the
polymer seems to be in the middle plane.
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3.7 Summary

In this chapter, the stability of the liquid film composed by the dilute solution containing

the oppositely charged polyelectrolytes and surfactants was studied. Conventional research

has described the the stability of the liquid film thorough the DLVO theory6 considering

the competition of the electrostatic repulsion and van der Waals attraction. We focused on

the conformation of the polymer not only the electric charge of the polymer. Minimizing

the free energy and Solving the Poisson-Boltzmann equation, we predict the disjoining

pressure of the liquid film. The theory explained the instability of the film in ca. 10nm

thickness in previous experiments qualitatively. To predict the stability more precisely, we

have to eliminate the overestimation of the osmotic pressure caused by the confinement of

the counterions in the lattice box.



Chapter 4

Conclusion

This thesis presented the theory of the stabilization of the liquid films containing the

polymers as follows.

In chapter 2, we presentted the stabilization mechanism of the liquid films composed

by the polymer-rich solution. The film can be treated as a gel film because of the previous

experiments. We derived the time evolution equation of the surface fluctuations in the

film. The equations showed that the gel suppresses and retards the liquid film fluctuation

through the bulk elasticity and friction.

In chapter 3, we presented the destabilization mechanism of the liquid films composed

by the polymer-dilute solution. The conformation of the polymer must be taken into

account since the polymers are isolated with each other. We constructed the bridging

polymer model for the unstable liquid film and suggested that the entropic elasticity of

the bridging polymer destabilize the liquid film.

The above chapters reveal that we should pay attention to a polymer concentration

when adding the polymer to stabilize liquid films. If the liquid film has a little of polymer,

the polymer may destabilize the film by bridging polymers. In contrast, if the liquid

film has too much polymers, the macroscopic foam may become harder and longer life

than expected though the film becomes stable by gels. This is an elastic structure rather

than liquid foams such as styrene foams. We should promote a better understanding of a

gelation to form the stable liquid foam.

63



Appendix A

Disjoining pressure between two

charged walls

z�

L/2�

0�

-L/2�

Figure A.1: Schematic picture of the distribution of the counterions. The surfactants and
the counterions are charged minus and plus, respectively.

We introduce a simple case of the liquid film decorated by surfactants only12 by treating

the air/liquid interface decorated by surfactants as a charged wall. We solve the Poisson-

64



65

Boltzmann equation to obtain the counterions ρ+ and the electric potential φ. They can

be treated as uniform parallel to the walls in Figure A.1. The Poisson-Boltzmann equation

has a form

∇2φ = −
e

ϵ
[ρ+(z)],

∫ L/2

−L/2
ρ+(z)dz = 2σ.

(A.1)

The boundary conditions are considered as follows:

φ̃(0) = 0,
dφ̃(z)

dz

∣∣∣∣∣∣∣
z=0

= 0

This is because the symmetry. By using ρ+ = n0e−βeφ where n0 is the counterions density

Table A.1: Parameters

σ Charge density
e Elementary charge
ρ+ Counter ion density
φ Potential

at the middle plane, the equation are rewritten as follow:

∇2φ̃ = −4πlBn0e
−φ̃, (−L/2 < z < L/2) (A.2)

where

lB =
e2

4πϵ

1

kBT
=

e2β

4πϵ
,

φ̃(z) = βeφ(z).

(A.3)

By multiplying both side of the Equation (A.2) by ∇φ̃, we obtain the following equation:

d

dz

{1

2

(dφ̃(z)
dz

)2}
= 4πlBn0

d

dz
e−φ̃ (A.4)
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Integrated with respect to z, the equation has a form

(dφ̃(z)
dz

)2
= 8πlBn0e

−φ̃ + C0. (C0 = const.) (A.5)

Due to the boundary condition at z = 0, the integral constant has a form

0 = 8πlBn0 + C0

⇒ C0 = −8πlBn0.

Therefore,

dφ̃(z)

dz
= ±

√
8πlBn0

√
e−φ̃ − 1

⇒
dφ̃

√
e−φ̃ − 1

= ±
√
8πlBn0dz.

(A.6)

Integrated both sides of this equation, the electric potential has a form

φ̃(z) = ln{cos2(
√
2πlBn0z)} (A.7)

The electric potential is an even function of z and has the maximum value at z = 0. Owing

to ρ+ = n0e−βeφ, the counterion density is written as flollow:

ρ+(z) =
n0

cos2(κz)
, κ =

√
2πlBn0 (A.8)
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Due to the conservation of the counterions, n0 has a form

2σ =

∫ L/2

−L/2
ρ+(z)dz =

∫ L/2

−L/2

n0

cos2(κz)
dz

=
n0

κ
2 tan(κL/2)

⇒ σ =

√√√√ n0

2πlB
tan(κL/2)

⇒ 2πlBσ = κ tan(κL/2), n0 =
κσ

tan(κL/2)
.

(A.9)

Multiplying L to both sides, we find the following relation:

πlBσL = κL/2 tan(κL/2) (A.10)

Focusing on tan(κL/2), we obtain n0 as a function of L for the cases in which the distance

between two walls is far or close.

(i)πlBσL ≫ 1; two walls are far.

κL/2 ≃
π

2

⇒
√

2πlBn0L = π

⇒ n0 =
π

2lBL2
∼

1

L2
.

(A.11)

Therefore, n0 is proportional to inverse of L2.

(ii)πlBσL ≪ 1; two walls are close.

Due to κL/2 ≪ 1, tan(κL/2) ≃ κL/2. Therefore,

n0 ≃
2σ

L
. (A.12)
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Furthermore, owing to κz ≪ 1, cos(κz) ≃ 1. Thus,

ρ+(z) ≃ n0 ≃
2σ

L
. (A.13)

n0 is proportional to inverse of Lm and then the density is coanstant.

Disjoining pressure

The disjoining pressure is described as follow:

Πd = −
( ∂γ

∂L

)
(A.14)

where γ is the free energy density per unit area. The free energy density is composed of

the entropy of the counterions and the electrostatic energy. So, γ has a form

γ = kBT

∫ L/2

−L/2
ρ+(ln ρ+ − 1)dz +

ϵ

2

∫ L/2

−L/2
(∇φ)2dz

= −2σkBT + kBT

∫ L/2

−L/2
ρ+ ln ρ+dz +

ϵ

2

∫ L/2

−L/2
(∇φ)2dz

= 2σkBT (lnn0 − 1)−
ϵ

2

∫ L/2

−L/2
(∇φ)2dz,

(A.15)

rearranged by the Poisson-Boltzmann equation. We calculate the second term. Owing to

the Equation (A.7), the z-derivative of the electric potential has a form

dφ̃

dz
= −2κ tan(κz). (A.16)
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Therefore, the electrostatic energy has a form

∫ L/2

−L/2

(dφ̃
dz

)2
dz = 4κ2

∫ L/2

−L/2
tan2(κz)dz

= 4κ2
(2 tan(κL/2)

κ
− L

)

= 4κ2L
(2 tan(κL/2)

κL
− 1

)
.

(A.17)

Next, we calculate the first term of the free energy density (A.15). According to the

Equations (A.11) and (A.12), the term depends on L.

(i)πlBσL ≫ 1

By using the following equations:

n0 =
π

2lBL2
, κL ≃ π, κ =

√
2πlBn0 =

π

L
, lB =

e2

4πϵ

1

kBT
=

e2β

4πϵ
,

we obtain the free energy density as follows:

γ = 2σkBT (lnn0 − 1)−
2πϵκ

(βe)2

( 2σ

n0L
− 1

)

= 2σkBT (ln
π

2lBL2
− 1)−

2πϵκ

(βe)2

(σ2lBL2

πL
− 1

)

= 2σkBT (ln
π

2lBL2
− 1)−

2π2ϵ

L(βe)2

(σ2lBL
π

− 1
)

=
2σ

β
(ln

π2ϵ

2L2e2β
− 1)−

2π2ϵ

L(βe)2

(σ2Le2β
π2ϵ

− 1
)

=
( π

βe

)2 2ϵ

L
−

4σ

β
lnL+

2σ

β

{
ln
(( π

βe

)2 ϵβ

2

)
− 2

}
.

(A.18)

Thus,

γ(L) =
( π

βe

)2 2ϵ

L
−

4σ

β
lnL+ const. (A.19)
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According to the Equation (A.14), the disjoining pressure has a form

Π0 = −
( ∂γ

∂L

)
= −

(
−
( π

βe

)2 2ϵ

L2
−

4σ

β

1

L

)

=
( π

βe

)2 2ϵ

L2
+

4σ

L
kBT.

(A.20)

This means that the sum of the Maxwell stress and the osmotic pressure of the counterions.

(ii)πlBσL ≪ 1

By using the following equations:

n0 ≃
2σ

L
, lB =

e2

4πϵ

1

kBT
=

e2β

4πϵ

we obtain the free energy density as follows:

γ = 2σkBT (lnn0 − 1)−
2πϵκ

(βe)2

( 2σ

n0L
− 1

)

= 2σkBT (ln
2σ

L
− 1)−

2πϵκ

(βe)2

(
1− 1

)
(A.21)

Therefore,

γ(L) = −
2σ

β
lnL+ const. (A.22)

Performing the same treatment, we obtain the disjoining pressure:

Π0 = −
(
−
2σ

β

1

L

)

=
2σ

L
kBT.

(A.23)

All the above, we get the disjoining pressure for two cases in which the distance between

two walls is long or short.
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